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THE EXPLICIT ASYMPTOTIC FORMULA OF DIVISOR FUNCTION ON
AVERAGE OVER VALUES OF QUADRATIC POLYNOMIAL
NIANHONG ZHOU
Abstract. Let F (x) = xtQx+ btx+ c ∈ Z[x] be a quadratic polynomial in ℓ(≥ 3) variables
x = (x1, ..., xℓ), where F (x) is positive when x ∈ R
ℓ
≥1, Q ∈ Mℓ(Z) is an ℓ × ℓ matrix and its
discriminant det
(
Qt +Q
)
6= 0. It gives an explicit asymptotic formula for the following sum
∑
x∈[1,X]ℓ∩Zℓ
τ (F (x)) ,
where τ is the divisor function.
1. Introduction
Let F (x) be a quadratic polynomial with ℓ(≥ 3) variables x1, x2, .., xℓ and integer coefficients.
Unless stated explicitly otherwise, we shall write x for the vector (x1, x2, ..., xℓ)
t ∈ Zℓ. We
assume quadratic polynomial F (x) satisfies
(1.1) F (x) = xtQx+ btx+ c,
where Q ∈ Mℓ(Z) is an ℓ × ℓ matrix with entries aij , vector b = (b1, ..., bℓ)t ∈ Zℓ, c ∈ Z and
suppose those coefficients satisfies the following conditions{
minx∈[1,X]ℓ F (x) > 0
∆F = det
(
Qt +Q
) 6= 0.(1.2)
We have already shown the following theorem in [1].
Theorem 1.1. Let F be defined as above, k ≥ 2 and ℓ ≥ 3. Then, for any ε > 0 there exist
constants Hk,0(F ), Hk,1(F ),..., and Hk,k−1(F ) ∈ R, such that
∑
x∈[1,X]ℓ∩Zℓ
τk(F (x)) =
k−1∑
r=0
Hk,r(F )
∫
[1,X]ℓ
(log F (t))rdt+Ok,F,ε
(
Xℓ−
ℓ−2
ℓ+2
min(1, 4k+1)+ε
)
,
Hk,r(F ) =
1
r!
k−r−1∑
t=0
1
t!
(
dtL(s; k, F )
dst
∣∣∣∣
s=1
)
Res
(
(s− 1)r+tζ(s)k; s = 1
)
,
where
L(s; k, F ) =
∏
p
(∑
m∈N
p−(ℓ−1)mSF (p
m)Fk(p
m, s)
)
with
SF (q) = q
−1
∑
a∈Z∗q
∑
h∈(Zq)ℓ
e
(
a
q
F (h)
)
,
Fk(q, s) is multiplicative for q ∈ N≥1 and
Fk(p
m, s) = p−ms
(
k−1∑
v=1
(1− p−s)v−1τv(pm−1) + (1− p−s)k−1τk(pm−1)p
s − 1
p− 1
)
.
for any prime p and integer m ≥ 1.
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Our focus is upon the case of the explicit asymptotic formula of k = 2. To giving our main
results, we need some definitions.
Definition 1.1. The first discriminant of quadratic polynomial F (x) as above defined as
∆F = det
(
Qt +Q
)
,(1.3)
and the second discriminant of the quadratic polynomial F (x) is defined by
HF =
{
0 if ℓ is odd
(−1)ℓ/2 det (Qt +Q) if ℓ is even,(1.4)
where F (x) is defined by (1.1) and (1.2).
Definition 1.2. The first Q-Root of quadratic polynomial F (x) is defined by
RF = 2c∆F − btQˆSb(1.5)
and the second Q-Root of quadratic polynomial F (x) is defined by
OF =
{
0 if ℓ is even
(−1)(ℓ+1)/2
(
2∆F c− btQˆSb
)
if ℓ is odd,
(1.6)
where QˆS is the adjoint matrix of matrix QS := (Q
t + Q) and F (x) is defined by (1.1) and
(1.2).
Let
(
·
p
)
is Legendre quadratic residue symbol. Then with the above concepts, our main
result as follows.
Theorem 1.2. If ∆F 6= 0. Then for X ≥ 3, any ε > 0 and ℓ ≥ 3 we have∑
x∈[1,X]ℓ∩Zℓ
τ(F (x)) = CF (τ)mX
ℓ logX + CF (τ)sX +OF,ε
(
Xℓ−
ℓ−2
ℓ+2
+ε
)
,
where the constants are given by
CF (τ)m = 2L(ℓ, F ), CF (τ)s =
(
γ +
1
2
IFL +
L′(ℓ, F )
L(ℓ, F )
)
CF (τ)m,
γ is Euler constant,
IFL =
∫
[0,1]ℓ
log(F (t,X))dt, F (t,X) = ttQt+
bt
X
t+
c
X2
,
L(s, F ) =


f(s, F ) ζ(2s−ℓ)ζ(2s+1−ℓ)
∏
p>2
(
1 +
(
HF
p
)
(1−p−1)p
ℓ
2−s
1−pℓ−2s−1
)
if RF = 0
h(s, F )
∏
p∤2∆FRF
{(
1 +
(
OF
p
)
ps−(ℓ−1)/2
)(
1−
(
HF
p
)
ps−(ℓ−2)/2
)}
if RF 6= 0,
f(s, F ) =
∏
p|2∆F


(
(1− pℓ−2s)(1 − pℓ−s−1)
1− pℓ−2s−1
)∑
m≥0
̺F (p
m)
pms

 ,
h(s, F ) =
∏
p|2∆FRF


(
1− pℓ−s−1
)∑
m≥0
̺F (p
m)
pms

 ,
and for any integer n ≥ 1, where
̺F (n) := #{x ∈ (Zn)ℓ : F (x) ≡ 0 mod n}.
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2. The proof of the Main Theorem
2.1. The treatment of F2(q, s). When k = 2, by Theorem 1.1 we have
F2(p
m, s) = p−ms
(
1 + (1 − p−1)τ2(pm−1)p− 1
p− 1
)
.
Thus
F2(p
m, 1) = p−m and F
〈1〉
2 (p
m, 1) = −2mp−m log p.
F2(p
m, s) is multiplicative implies
F2(q, 1) = q
−1 and F
〈1〉
2 (q, 1) = −2q−1 log q.
Hence
L(1; 2, F ) =
∞∑
q=1
SF (q)
qℓ
and L〈1〉(1; 2, F ) = −2
∞∑
q=1
SF (q) log q
qℓ
.
Therefore we define
(2.1) L(s, F ) =
∞∑
q=1
SF (q)
qs
,
then ∑
x∈[1,X]ℓ∩Zℓ
τ(F (x)) = 2H2,1(F )X
ℓ logX + (H2,1(F )IFL +H2,0(F ))X
ℓ +OF
(
Xℓ−
ℓ−2
ℓ+2
+ε
)
,
where
(2.2) H2,1(F ) = L(ℓ, F ), H2,0(F ) = 2γL(ℓ, F ) + 2L
′
(ℓ, F )
2.2. The treatment of SF (q). We consider the value of SF (p
m). Let m ≥ 1 be an integer. It
is easily seen that
(2.3) SF (p
m) = ̺F (p
m)− pℓ−1̺F (pm−1).
Hence let us consider ̺F (p
t). For every odd prime and integer t ≥ 1,
̺F (p
t) = #{x ∈ (Zpt)ℓ : xtQx+ btx+ c ≡ 0 mod pt}
= #{x ∈ (Zpt)ℓ : xtQSx+ 2btx+ 2c ≡ 0 mod pt}.
If (∆F , p) = 1, then do the following invertible linear transform
s = x−∆−1F QˆSb,
where ∆−1F ∆F ≡ 1 mod pt and then
̺F (p
t) = #{s ∈ (Zpt)ℓ : stQSs ≡ ∆−1F btQˆSb− 2c mod pt}
= #{s ∈ (Zpt)ℓ : st (∆FQS) s+RF ≡ 0 mod pt},(2.4)
where RF is defined by Definition 1.2. On the other hand, by the Proposition 12 of Chapter 12
in [2] we have the following lemma
Lemma 2.1. Let p be an odd prime. Let QS is a symmetric ℓ × ℓ matrix in finite field Fp.
Also, let ∆F defined by Definition 1.1. Then, the quadratic form s
t (∆FQS) s equivalent to the
following standard diagonal quadratic form
Dm(x) = x21 + x22 + ...+∆ℓ+1F x2ℓ .
Thus there exists an orthogonal matrix PF in Fp such that
P tFQSPF = diag(1, 1, ..,∆
ℓ+1
F ).
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Using this lemma then easily seen that if (2∆F , p) = 1, one has
̺F (p
t) = #{x ∈ (Zpt)ℓ : x21 + x22 + ...+∆ℓ+1F x2ℓ +RF ≡ 0 mod pt}.(2.5)
Together with (2.4) and (2.5), then
ptSF (p
t) =
∑
a∈Z∗
pt
∑
kj∈Zpt ,j=1,2,.,ℓ
e
(
a
pt
(k21 + ...+ k
2
ℓ−1 +∆
ℓ+1
F k
2
ℓ +RF )
)
=
∑
a∈Z∗
pt
e
(
aRF
pt
)∑
r∈Zpt
e
(
ar2
pt
)
ℓ−1 ∑
kℓ∈Zpt
e
(
a∆ℓ+1F k
2
ℓ
pt
)
.
holds for all (p, 2∆F ) = 1. By Theorem 6 of Chapter 17 in [3], we have
(2.6) G(pt, c) =
∑
r∈Zpt
e
(
cr2
pt
)
=
{
p
t
2 if t is even
p
t
2
(
c
p
)
χp if t is odd
and
χp =
{
1 p ≡ 1 mod 4√−1 p ≡ −1 mod 4
when p is an odd prime and c ∈ Z satisfy (p, c) = 1. Thus
ptSF (p
t) =


∑
a∈Z∗
pt
e
(
aRF
pt
)(
p
t
2
)ℓ−1
p
t
2 if t is even
∑
a∈Z∗
pt
e
(
aRF
pt
)(
p
t
2
(
a
p
)
χp
)ℓ−1
p
t
2
(
a∆ℓ+1F
p
)
χp if t is odd
=


p
ℓt
2
∑
a∈Z∗
pt
e
(
aRF
pt
)
if t is even
p
ℓt
2 χℓp
∑
a∈Z∗
pt
e
(
aRF
pt
)(
a
p
)ℓ−1(a∆ℓ+1F
p
)
if t is odd.
Recall the properties of Legendre symbol, then
ptSF (p
t) =


p
ℓt
2 cpt (RF ) if t is even

p
ℓt
2 χℓp
∑
a∈Z∗
pt
e
(
aRF
pt
)(
a
p
)
if ℓ is odd
p
ℓt
2 χℓp
∑
a∈Z∗
pt
e
(
aRF
pt
)(
∆F
p
)
if ℓ is even
if t is odd,
(2.7)
where cpt(RF ) is Ramanujan sum. It is easily seen that
(2.8)
∑
a∈Z∗
pt
e
(
aRF
pt
)(
a
p
)
= 1RF≡0 mod pt−1(RF )pt−1
∑
a∈Z∗p
(
a
p
)
e
(
aRF
pt
)
and
(2.9)
∑
a∈Z∗
pt
e
(
aRF
pt
)(
∆F
p
)
= 1RF≡0 mod pt−1(RF )pt−1
(
∆F
p
) ∑
a∈Z∗p
e
(
aRF
pt
)
.
4
If RF ≡ 0 mod pt−1, then
∑
a∈Z∗p
(
a
p
)
e
(
aRF
pt
)
= 2
∑
a∈Z∗p
a is a quadratic
residue modulo p
e
(
aRF
pt
)
−
∑
a∈Z∗p
e
(
aRF
pt
)
=
p−1∑
b=1
(
e
(
b2RF
pt
)
− e
(
bRF
pt
))
= 1pt∤RF
√
p
(RF /pt−1
p
)
χp.(2.10)
When ℓ is an even positive integer, then χℓp =
(
(−1)ℓ/2
p
)
for every odd prime number. Note that
ϕ(pt) = pt(1− p−1) and
cn(m) = µ(n/(m,n))ϕ(n)/ϕ(n/(m,n)),
then by (2.7), (2.8), (2.9) and (2.10) we have the following lemma.
Lemma 2.2. Let t ≥ 1 be an integer and p satisfies (p, 2∆F ) = 1, we have
1). If RF ≡ 0 mod pt, then
SF (p
t) =


(1− p−1)p ℓt2 if t is even{
0 if ℓ is odd
(1− p−1)p ℓt2
(
(−1)ℓ/2∆F
p
)
if ℓ is even
if t is odd.
2). If RF ≡ 0 mod pt−1 but RF 6≡ 0 mod pt, then
SF (p
t) =


−p ℓt−22 if t is even

p
ℓt−1
2
(
(−1)
ℓ+1
2 RF /p
t−1
p
)
if ℓ is odd
−p ℓt−22
(
(−1)ℓ/2∆F
p
)
if ℓ is even
if t is odd.
3). If RF 6≡ 0 mod pt−1, then SF (pt) = 0.
Corollary 2.3. Let t ≥ 1 be an integer and prime number p satisfies (p, 2∆FRF ) = 1. Then
SF (p
t) =




p
ℓ−1
2
(
(−1)
ℓ+1
2 RF
p
)
if ℓ is odd
−p ℓ−22
(
(−1)ℓ/2∆F
p
)
if ℓ is even
if t = 1
0 if t ≥ 2.
2.3. The treatment of L(s, F ). Firstly, we consider RF = 0. In this case, we have firstly
(2.11) L(s, F ) =
∏
p|2∆F

1 +∑
m≥1
SF (p
m)p−ms

 ∏
p∤2∆F

1 +∑
m≥1
SF (p
m)p−ms

 .
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If ℓ ≥ 3 is an odd integer then by Lemma 2.2 one has SF (p2m+1) = 0. Therefore the above
second product equals to
∏
p∤2∆F
∑
m≥0
SF (p
2m)
p2ms
=
∏
p∤2∆F

1 + (1− p−1)∑
m≥1
p
ℓ2m
2 p−2ms


=
∏
p|2∆F

1 + (1− p−1)∑
m≥1
p(ℓ−2s)m


−1∏
p

1 + (1− p−1)∑
m≥1
p(ℓ−2s)m


=
∏
p|2∆F
(
1− pℓ−2s−1
1− pℓ−2s
)−1∏
p
(
1− pℓ−2s−1
1− pℓ−2s
)
=
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
∏
p|2∆F
(
1− pℓ−2s
1− pℓ−2s−1
)
.
Hence we have
L(s, F ) = f(s, F )ζ(2s− ℓ)ζ(2s+ 1− ℓ)−1(2.12)
and where
f(s, F ) =
∏
p|2∆F


(
1− pℓ−2s
1− pℓ−2s−1
)1 + ∑
m≥1
SF (p
m)p−ms



 .(2.13)
On the other hand, by (2.3) we obtain that
∏
p|2∆F

1 + ∑
m≥1
SF (p
m)p−ms

 = ∏
p|2∆F


(
1− pℓ−s−1
)∑
m≥0
̺F (p
m)
pms

 .(2.14)
Hence
f(s, F ) =
∏
p|2∆F

(1− pℓ−2s)(1 − pℓ−s−1)
1− pℓ−2s−1
∑
m≥0
̺F (p
m)
pms

 .(2.15)
The next we consider the case ℓ is even. Similarly we have the second product factor of (2.11)
equals to
= 1 + (1− p−1)
∑
m≥1
(
p−(2m−1)sp
ℓ(2m−1)
2
(
(−1) ℓ2∆F
p
)
+ p−2mspℓm
)
= 1 + (1− p−1)
(
1 + ps−
ℓ
2
(
(−1) ℓ2∆F
p
))∑
m≥1
p(ℓ−2s)m
= 1 + (1− p−1)
(
1 + ps−
ℓ
2
(
(−1) ℓ2∆F
p
))(
pℓ−2s
1− pℓ−2s
)
=
(
1− pℓ−2s−1
1− pℓ−2s
)(
1 +
(
(−1) ℓ2∆F
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
.
On the other hand, if p|∆F then one has
(
∆F
p
)
= 0. Hence similar with the case ℓ is odd, we
obtain that
L(s, F ) = f(s, F )
ζ(2s − ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(
1 +
(
(−1) ℓ2∆F
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
,(2.16)
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where f(s, F ) is defined same as (2.13) and (2.15). Using the definition notations (1.1) and
(1.2). Then, we have
(2.17) L(s, F ) = f(s, F )
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(
1 +
(HF
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
,
where
f(s, F ) =
∏
p|2∆F

(1− pℓ−2s)(1 − pℓ−s−1)
1− pℓ−2s−1
∑
m≥0
̺F (p
m)
pms

 .
Let us consider the cases RF 6= 0. By the above Corollary 2.3, if (p, 2∆FRF ) = 1 then one
has
SF (p) =


p
ℓ−1
2
(
(−1)
ℓ+1
2 RF
p
)
if ℓ is odd
−p ℓ−22
(
(−1)ℓ/2∆F
p
)
if ℓ is even.
and if t ≥ 2 then S(F ; pt) = 0. Therefore we get that
∏
p∤2∆FRF

1 + ∑
m≥1
SF (p
m)p−ms

 = ∏
p∤2∆FRF
(
1 + SF (p)p
−s
)
.
Hence
∏
p∤2∆FRF
(
1 + SF (p)p
−s
)
=


∏
p∤2∆FRF
(
1 +
(
(−1)
ℓ+1
2 RF
p
)
p−(s−
ℓ−1
2
)
)
if ℓ is odd
∏
p∤2∆FRF
(
1−
(
(−1)ℓ/2∆F
p
)
p−(s−
ℓ−2
2
)
)
if ℓ is even.
Similar with (2.12) or (2.16), use the definition notations (1.1) and (1.2). Then, we have
(2.18) L(s, F ) = h(s, F )
∏
p∤2∆FRF
{(
1 +
(OF
p
)
p−(s−
ℓ−1
2
)
)(
1−
(HF
p
)
p−(s−
ℓ−2
2
)
)}
,
where
h(s, F ) =
∏
p|2∆FRF


(
1− pℓ−s−1
)∑
m≥0
̺F (p
m)
pms

 .
Then combine (2.2), (2.17) and (2.18), we get the proof of the theorem.
3. Examples
In the section, we give the computation of some example. We always assume that ℓ ∈ Z≥1.
Lemma 3.1. For all (b, 2) = 1, we have
∑
r∈Z2t
e
(
br2
2t
)
=


0 t = 1
2
t+1
2 e( b8 ) t > 1, t ≡ 1 mod 2(
1 + (
√−1)b) 2 t2 t ≡ 0 mod 2
.
Proof. The lemma is the Theorem 8 of Chapter 17 in [3]. 
If t = 1, then we have
(3.1)
∑
1≤b≤2,2∤b

∑
r∈Z2
e
(
br2
2
)
ℓ
= 0.
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If t > 1 is an odd integer, then
∑
1≤b≤2t,2∤b

∑
r∈Z2t
e
(
br2
2t
)
ℓ
= 2ℓ
t+1
2
∑
1≤b≤2t−1
e
(
ℓ(2b− 1)
8
)
= 2ℓ
t+1
2 e
(−ℓ
8
) ∑
1≤b≤2t−1
e
(
ℓb
4
)
=
{
0 4 ∤ ℓ,
2
ℓ+2
2
t+ ℓ
2
−1(−1)ℓ/4 ℓ ≡ 0 mod 4.(3.2)
If t > 1 is an even integer, then
∑
1≤b≤2t,2∤b

∑
r∈Z2t
e
(
br2
2t
)
ℓ
= 2ℓ
t
2
2t−1∑
b=1
(
1 + (
√−1)2b−1
)ℓ
= 2ℓ
t
2
2t−1∑
b=1
(
1 + (−1)b√−1
)ℓ
= 2ℓ
t
2
2t−2∑
b=1
((
1−√−1)ℓ + (1 +√−1)ℓ) = 2 ℓ+22 t+ ℓ2−1 cos πℓ
4
.(3.3)
Combining (3.1-3.3) and Lemma 3.1 one has the lemma.
Lemma 3.2.
2−t
∑
1≤b≤2t,2∤b

∑
r∈F2t
e
(
br2
2t
)
ℓ
=
{
0 t = 1 or t is odd and 4 ∤ ℓ,
2
ℓ
2
t+ ℓ
2
−1 cos πℓ4 t > 1, 4|ℓ or t > 1 is even and 4 ∤ ℓ.
(3.4)
Now, we give the following examples
Example 3.3. Let quadratic form
F = k21 + k
2
2 + ...+ k
2
ℓ
Then by. we have ∆F = 2
ℓ, and∑
m≥1
SF (2
m)
2ms
=
∑
m≥1
(
SF (2
2m)2−2ms + SF (2
2m+1)2−(2m+1)s
)
=
{∑
m≥1 SF (2
2m)2−2ms 4 ∤ ℓ∑
m≥2 SF (2
m)2−ms 4 | ℓ =
{∑
m≥1 2
(ℓ−2s)m+ ℓ
2
−1 cos πℓ4 4 ∤ ℓ∑
m≥2 2
( ℓ
2
−s)m+ ℓ
2
−1 cos πℓ4 4 | ℓ
= 2
3ℓ
2
−2s−1 cos
πℓ
4
×
{
(1− 2ℓ−2s)−1 4 ∤ ℓ
(1− 2ℓ/2−s)−1 4 | ℓ.
If ℓ ≡ 0 mod 4, then
(
HF
p
)
= 1 and
L(s, F ) =
(
1− 2ℓ−2s
1− 2ℓ−2s−1
)(
1 +
2
3ℓ
2
−2s−1(−1)ℓ/4
1− 2ℓ/2−s
)
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(
1 +
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
=
(
1− 2ℓ−2s
1− 2ℓ−2s−1
)(
1 +
2
3ℓ
2
−2s−1(−1) ℓ4
1− 2 ℓ2−s
)
ζ(2s − ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(1− p ℓ2−s−1)(1− pℓ−2s)
(1− pℓ−2s−1)(1− p ℓ2−s)
=
(
1 +
23ℓ/2−2s−1(−1)ℓ/4
1− 2ℓ/2−s
)(
1− 2ℓ/2−s−1
1− 2ℓ/2−s
)−1∏
p
1− pℓ/2−s−1
1− pℓ/2−s
=
1− 2ℓ/2−s + (−1)ℓ/423ℓ/2−2s−1
1− 2ℓ/2−s−1
ζ(s− ℓ/2)
ζ(s+ 1− ℓ/2) .
8
Thus we obtain that
L(ℓ, F ) =
2
ℓ
2
+1 − 2 + (−1)ℓ/4
2
ℓ
2
+1 − 1
ζ( ℓ2)
ζ( ℓ2 + 1)
and
L′(ℓ, F )
L(ℓ, F )
=
ζ ′
(
ℓ
2
)
ζ
(
ℓ
2
) − ζ ′
(
ℓ
2 + 1
)
ζ
(
ℓ
2 + 1
) + (−1)ℓ/4 + 2 ℓ2+1 − (−1) ℓ42 ℓ2+2(
2
ℓ
2
+1 − 1
)(
2
ℓ
2
+1 − 2 + (−1)ℓ/4
) log 2.
If ℓ ≡ ±1 mod 4, then
(
HF
p
)
= 0 and
L(s,QF ) =
(
1− 2ℓ−2s
1− 2ℓ−2s−1
)(
1 +
2
3ℓ
2
−2s−1 cos πℓ4
1− 2ℓ−2s
)
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
=
1− 2ℓ−2s + 2 3ℓ2 −2s−1 cos πℓ4
1− 2ℓ−2s−1
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
Hence
L(ℓ, F ) =
(
1− 1− 2
ℓ
2 cos πℓ4
2ℓ+1 − 1
)
ζ(ℓ)
ζ(ℓ+ 1)
and
L′(ℓ, F )
L(ℓ, F )
=
ζ ′ (ℓ)
ζ (ℓ)
− ζ
′ (ℓ+ 1)
ζ (ℓ+ 1)
+
2ℓ+2
(
1− 2ℓ/2 cos ( ℓπ4 )) log 2
(2ℓ+1 − 1)
(
2ℓ+1 − 2 + 2 ℓ2 cos πℓ4
) .
If ℓ ≡ 2 mod 4, then
(
HF
p
)
=
(
−1
p
)
and
L(s, F ) =
(
1− 2ℓ−2s
1− 2ℓ−2s−1
)(
1 +
2
3ℓ
2
−2s−1 cos πℓ4
1− 2ℓ−2s
)
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(
1 +
(−1
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
=
(
1− 2ℓ−2s
1− 2ℓ−2s−1
)
ζ(2s− ℓ)
ζ(2s+ 1− ℓ)
∏
p>2
(
1 +
(−1
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s−1
)
=
∏
p>2
1− pℓ−2s−1 +
(
−1
p
)
(1− p−1)p ℓ2−s
1− pℓ−2s =
∏
p>2
(
1 +
(
−1
p
)
p
ℓ
2
−s
)(
1−
(
−1
p
)
p
ℓ
2
−s−1
)
1− pℓ−2s
=
∏
p>2
1−
(
−1
p
)
p
ℓ
2
−s−1
1−
(
−1
p
)
p
ℓ
2
−s
=
L(s − ℓ/2, χ)
L(s+ 1− ℓ/2, χ) ,
where χ is the non-principal Dirichlet character modulo 4. Hence, we have
L(ℓ, F ) =
L(ℓ/2, χ)
L(ℓ/2 + 1, χ)
and
L′(ℓ, F )
L(ℓ, F )
=
L′(ℓ/2, χ)
L(ℓ/2, χ)
− L
′(ℓ/2 + 1, χ)
L(ℓ/2 + 1, χ)
.
Example 3.4. Let quadratic form be
QFT = k1k2 + k3k4 + ...+ k2ℓ−1k2ℓ and QFM = k
2
0 + k1k2 + ...+ k2ℓ−1k2ℓ.
∆QFT = (−1)ℓ, ∆QFM = 2(−1)ℓ, HQFT = 1, HQFM = 0,
S(QFT , 2
m) = 2−m
∑
b∈Z∗
2m

 ∑
h1,h2∈Z2m
e
(
bh1h2
2m
)
ℓ
= 2mℓ−1,
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S(QFM , 2
m) = 2−m
∑
b∈Z∗
2m
∑
h0∈Z2m
e
(
bh20
2m
) ∑
h1,h2∈Z2m
e
(
bh1h2
2m
)
ℓ
= 2−m
∑
b∈Z∗
2m
∑
h0∈Z2m
e
(
bh20
2m
)
2mℓ =
{
0 m is odd
2
(2ℓ+1)m
2
−1 m is even.
Hence
f(s,QFT ) =
(
1− 22ℓ−2s
1− 22ℓ−2s−1
)1 +∑
m≥1
S(QFM , 2
m)
2ms


=
(
1− 22ℓ−2s
1− 22ℓ−2s−1
)(
1− 2ℓ−1−s
1− 2ℓ−s
)
= 1 +
2ℓ−s−1
1− 22ℓ−1−2s ,
f(s,QFM) =
(
1− 22ℓ+1−2s
1− 22ℓ−2s
)1 + ∑
m≥1
S(QFT , 2
m)
2ms


=
(
1− 22ℓ+1−2s
1− 22ℓ−2s
)(
1− 22ℓ−2s
1− 22ℓ+1−2s
)
= 1,
L(s,QFT ) =
ζ(s− ℓ)
ζ(s+ 1− ℓ) , L(s,QFM) =
ζ(2s− 2ℓ− 1)
ζ(2s− 2ℓ) .
We have ∑
1≤x1,x2,x3,x4≤X
τ (x1x2 + x3x4) =
(
cT T (τ)mX
4 logX + cT T (τ)sX
4
)
+O
(
X4−
1
3
+ε
)
,
where
cT T (τ)m =
2ζ(2)
ζ(3)
and cT T (τ)s =
2ζ(2)
ζ(3)
(
γ +
π2
48
− 11
6
+ log 2 +
ζ ′(2)
ζ(2)
− ζ
′(3)
ζ(3)
)
.
We have ∑
1≤x0,x1,x2≤X
τ
(
x20 + x1x2
)
=
(
cOT (τ)mX
3 logX + cOT (τ)sX
3
)
+O
(
X3−
1
5
+ε
)
,
where
cOT (τ)m =
2ζ(3)
ζ(4)
and cOT (τ)s =
4ζ(3)
ζ(4)
(
γ
2
+
π2 + 8π − 104 + 56 log 2
144
+
ζ ′(3)
ζ(3)
− ζ
′(4)
ζ(4)
)
.
Example 3.5. Consider the following quadratic form,
Qsym = xy + yz + xz.
HQsym = 0
,
L(s,QFM) = ζ(2s− 3)ζ(2s − 2)−1.
We have ∑
1≤x,y,z≤X
τ (xy + yz + xz) =
(
csym(τ)mX
3 logX + csym(τ)sX
3
)
+O
(
X3−
1
5
+ε
)
,
where
csym(τ)m =
2ζ(2)
ζ(3)
and csym(τ)s =
4ζ(2)
ζ(3)
(
γ
2
+
1
4
∫
[0,1]3
dt log(t1t2 + t2t3 + t1t3) +
ζ ′(2)
ζ(2)
− ζ
′(3)
ζ(3)
)
.
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Example 3.6. Consider the following quadratic,
F = x2 + y2 + z2 + 1
its
∆F = 2
3, RF = 24
Similar with (3.4), we have
S(F, 2m) = 2−m
∑
1≤b≤2m
(2,b)=1
e
(
b
2m
)( ∑
x mod 2m
e
(
bx2
2m
))3
= 0 m ≥ 1.(3.5)
Then
h(s, F ) = 1.
Hence we have
L(s, F ) =
∏
p>2
(
1 + p−s+1
)
=
1
1 + 21−s
ζ(s− 1)
ζ(2s− 2) .(3.6)
We have ∑
1≤x,y,z≤X
τ(x2 + y2 + z2 + 1) =
(
cDl(τ)mX
3 logX + cDl(τ)sX
3
)
+O
(
Xℓ−
1
5
+ε
)
,
where
cDl(τ)m =
24
π2
and cDl(τ)s =
24
π2
(
γ +
1
2
∫
[0,1]3
dt log(t21 + t
2
2 + t
2
3) +
log 2
5
+
ζ ′(2)
ζ(2)
− 2ζ
′(4)
ζ(4)
)
.
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